In this paper, we propose new technique for solving singular initial value problems of Lane-Emden type. This algorithm is based on Laplace transform and homotopy perturbation method. The proposed scheme is shown to be accurate and tested for different examples. The results obtained demonstrate the accuracy and efficiency of the proposed method.
Intoroduction
Lane-Emden type initial value problems are well known ordinary differential equations, used in the modeling of Physics and Astrophysics problems [1] . These equations play important role in many disciplines of science and engineering. Therefore, these type of problems received special attention of scientists and researchers. Momoniat and Harley [2] obtained an approximate implicit solution by reducing the Lane-Emden equation to a first-order differential equation using Lie group analysis and determining a power series solution of the reduced equation. Recently Kamal. et. al in [7] are derived multiplicity relation between Natural transform, Laplace, Sumudu, Fourier and Mellin transforms. Fazal Haq et. al in [8] are used the help of Laplace-Adomian decomposition method to obtain the numerical solutions of a fractional order epidemic model of a vector-born disease with direct transmission in a population. Approximate solutions of Lane-Emden type equations were presented by Shawagfeh [3] and Wazwaz [4] using the Adomian decomposition method which provides a convergent series solution. Another powerful and more convenient analytical technique, called the homotopyperturbation method (HPM), was first proposed by He in [5] and was further developed and improved by He [6] . In the present paper, the combined Laplace transform and homotopy perturbation method to solve the general type of Lane-Emden differential equations is proposed. Some examples of different kind are included for robust check of the proposed method. To illustrate the basic ideas of this method, let us consider the following nonlinear differential equation
Where A is a general differential operator and f (r) is a known analytical function. The operator A can be divided into two parts, L and N, where L is a linear and N is a nonlinear operator. Therefore Eq(1.1) can be rewritten in the form of
By using homotopy methods, one can construct a homotopy U (r, p)
: 4) or
where p ∈ [0, 1] is an embedding parameter, u 0 is an initial approximation of solution of Eq(1.1). Clearly, we have from Eqs.(1.4) and Eq(1.5)
Assuming that the solution of Eq(1.4) and Eq(1.5) can be written as power series of p
Substituting Eq(1.8) into Eq(1.5) and equating identical powers of p terms, there can be found values for the sequence v 0 , v 1 , v 2 , ..., when p → 1 , it obtain the approximate solution for Eq(1.1) in the form
By applying Laplace transform on both sides of Eq(1.5), we obtain
Using property of Laplace transform of the derivatives we have
By taking inverse Laplace transform for both sides of Eq(1.9), we have
.
(1.10)
According to the LTHPM, we can first use the embedding parameter pas a small parameter, and assume that the solutions of Eq(1.9) can be represented as a power series in p as
Then substituting Eq(1.11) into Eq(1.10), we get
(1.12)
Comparing coefficients of p with the same power leads to
...
LTHPM applied to Lane-Emden equation
In this section. We will use the combined Laplace transform and homotopy perturbation method to solve the general type of Lane-Emden differential equations.
Consider the singular initial value problems of Lane-Emden type:
Multiplying both sides of Eq(2.14) by x we obtain
15)
Taking the Laplace transform (denoted by ℑ ) both sides of Eq(2.15)
by integrating both sides of Eq(2.17) from 0 to s respect with s we have
18)
Operating the inverse Laplace transform on both sides of Eq(2.18) , we have
Now, we apply the homotopy perturbation method: By substituting Eq(1.11) into Eq(2.19), we have
on using the same analysis of Eq(1.13), we obtain the solution.
Application
To demonstrate the applicability of the above-presented method, we have applied it to nonlinear singular initial value problems of Lane-Emden type.
Problem 3.1. Consider the following nonlinear homogeneous Lane-Emden differential equation
It is possible to find a handy solution by applying the LTHPM method. Identifying terms:
in order to obtain an approximate analytical solution we construct a homotopy in accordance with Eq(1.4)
applying Laplace transform algorithm, we get
by integrating both sides of Eq (3.22 ) from 0 to s respect with s we have
23)
applying inverse laplace transform for Eq(3.23) we obtain
To solve approximately Eq(3.24) we expand the exponential term as
25)
we work only by first fourth term as follows
(3.26)
27)
on comparing the coefficients of like powers of p we have
Therefore we gain the solution of Eq(3.21) as 
To solve approximately Eq(3.32) we expand the exponential term as
33)
LTHPM Applied to System Lane-Emden Equation
The main aim of this section is to discuss use of the combined Laplace transform and homotopy perturbation method to find the general solution of systems equations of Emden-Fowler type: We consider the general form of the System Lane-Emden Equation is given by:
with initial values
In order to obtain the solution of Eq.(4.34), we apply the following steps: Multiplying x , then taking Laplace transform on both sides of Eq(4.34) and then by using initial conditions Eq(4.35), we have:
using the differential property of Laplace transform and initial conditions, we have
by integrating both sides of Eq(4.38) from 0 to s respect with s we get
We decompose f (x, u, v) and g (x, u, v) into parts:
, denote the linear terms and the nonlinear terms respectively. Applying inverse Laplace transform on both sides of Eq(4.39), we get
According to standard homotopy perturbation method the solution u and v can be expanded into infinite series as,
where p ∈ [0, 1] is an embedding parameter. Also the nonlinear term N 1 and N 2 can be written as
where H 1m and H 2m are the He's polynomials [6] . By substituting Eqs. (4.42) and (4.43) in Eq(4.41), the solution can be written as
in Eqs. (4.43) and (4.44), H 1m and H 2m are He's polynomials can be generated by several means. Here we used the following recursive formulation
. m = 0, 1, 2, ... To confirm our method for solving the singular systems equations of Emden-Fowler type, we consider the following example:
Problem 4.1. Consider the system of linear equations of Emden-Fowler type
with initial conditions
Multiplying both sides of Eq(4.46) by x, we obtain
Taking the Laplace transform on both sides of Eq(4.48) then, by using the differentiation property of Laplace transform and initial conditions Eq(4.47),
(4.49)
By integrating both sides of Eq(4.49) from 0 to s respect with s we have
ds, (4.50) on using the inverse Laplace transform of both sides of the Eq(4.50) , we have
by using the Homotopy perturbation method, we get a solution by an infinite series see Eq(4.42), we have 
Comparing the coefficients of like powers of p, we have p 0 : u 0 (x) = 1, x 6 + 68 2520 x 8 + 59 11550
x 10 + 2 7020
x 12 .
And v 0 (x) = 1, x 10 + 2 7020
Hence, the solution series in general gives by u (x) = u 0 + u 1 + u 2 + u 3 + ...
54)
and
The closed form of the series Eq(4.54) and Eq(4.55) are ( u (x) = e x 2 , v (x) = e x 2 ) which gives an exact solution of the problem.
conclusion
In this paper, we have successfully employed the combined Laplace transform and homotopy perturbation method (LTHPM) to obtain exact solutions for problems equations of Emden-Fowler type. (LTHPM) can accelerate the rapid convergence of series solution when compared with Laplace decomposition method. It is shown that the (LTHPM) is a promising tool for singular problems of equations of Emden-Fowler type.
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